
Geometry and dynamics of activity-dependent homeostatic
regulation in neurons

Andrey V. Olypher & Astrid A. Prinz

Received: 21 August 2009 /Revised: 28 December 2009 /Accepted: 5 January 2010 /Published online: 9 February 2010
# Springer Science+Business Media, LLC 2010

Abstract To maintain activity in a functional range,
neurons constantly adjust membrane excitability to chang-
ing intra- and extracellular conditions. Such activity-
dependent homeostatic regulation (ADHR) is critical for
normal processing of the nervous system and avoiding
pathological conditions. Here, we posed a homeostatic
regulation problem for the classical Morris-Lecar (ML)
model. The problem was motivated by the phenomenon of
the functional recovery of stomatogastric neurons in
crustaceans in the absence of neuromodulation. In our
study, the regulation of the ionic conductances in the ML
model depended on the calcium current or the intracellular
calcium concentration. We found an asymptotic solution to
the problem under the assumption of slow regulation. The
solution provides a full account of the regulation in the case
of correlated or anticorrelated changes of the maximal
conductances of the calcium and potassium currents. In
particular, the solution shows how the target and parameters
of the regulation determine which perturbations of the
conductances can be compensated by the ADHR. In some
cases, the sets of compensated initial perturbations are not
convex. On the basis of our analysis we formulated specific
questions for subsequent experimental and theoretical
studies of ADHR.
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1 Introduction

Neurons demonstrate remarkable and vitally important
durability whether they are involved in sensory perception,
motor control, or higher level information processing. They
function reliably, in some cases over decades, adjusting to
turnover of the ion channel proteins determining membrane
excitability, organism growth, and other changing condi-
tions, including those caused by injuries and insults
(Marder and Goaillard 2006). Multiple physiological
mechanisms make this durability possible. Those include
neuronal and synaptic plasticity (Davis and Bezprozvanny
2001; Marder and Prinz 2002; Turrigiano and Nelson 2004;
Davis 2006; Nelson and Turrigiano 2008), glial cell activity
(Fellin et al. 2006), and others. Here, we focus on a
neuron’s self-regulation of its “target” activity, or activity-
dependent homeostatic regulation (ADHR).

The physiological mechanisms of ADHR are complex.
There are at least three potential sources of complexity.
First, homeostatic plasticity may interact with mechanisms
of learning (Marder et al. 1996; Turrigiano 1999); while
learning changes neuronal responses, homeostatic regula-
tion tends to stabilize them. Second, experiments and
modeling show that the target of regulation is not one but
many parameter sets for which the neuronal activity is the
same (MacLean et al. 2003; Prinz et al. 2003; Prinz et al.
2004a; MacLean et al. 2005; Marder and Goaillard 2006;
Olypher and Calabrese 2007, 2009). Finally, as suggested
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by control theory applications to homeostatic regulation in
biological systems, ADHR can be intrinsically complex to
ensure the robustness of the regulation with respect to
variations of the parameters of the regulation, such as for
example parameters of activity sensors (El-Samad et al.
2005; Gunay and Prinz 2009). Existing models of ADHR
(LeMasson et al. 1993; Liu et al. 1998; Golowasch et al.
1999; Zhang and Golowasch 2007) mimic experimental
data, however, the validity and limitations of these models
are poorly understood.

Our study was motivated by experimental and modeling
studies of ADHR in the neurons of the crustacean pyloric
network. This small networkwith identified neurons (Fig. 1(a))
provides one of the best studied examples of homeostatic
regulation. Under normal conditions, the network produces a
regular triphasic rhythmic pattern. Permanent blockade of the
neuromodulatory inputs that are normally present in the
system (Fig. 1(b)) shuts down the network. However, within
a few days the network recovers its rhythmic pattern in the
continued absence of neuromodulators (Luther et al. 2003;
Khorkova and Golowasch 2007; Zhang and Golowasch
2007; Zhang et al. 2008). It has been shown that ionic
conductances of individual neurons change in the course of
recovery (Mizrahi et al. 2001; Thoby-Brisson and Simmers
2002; Khorkova and Golowasch 2007). The mechanisms
underlying these changes are as yet unidentified. Ca2+ is
likely to play a critical role in the activity-dependent
regulation. For example, periodic depolarization of inferior
cardiac neurons of the crab Cancer borealis upregulates the
transient outward current, IA. Blocking of the Ca2+ influx by
extracellular Cd2+ eliminates the increase of the IA current
density (French et al. 2002).

To better understand general properties of ADHR, we
posed and solved a prototypical homeostatic regulation
problem for a classical Morris-Lecar (ML) neuronal model
(Morris and Lecar 1981). We did not strive to accurately

reproduce experimental findings. Our goal was to better
understand the regulation problem from the mathematical
point of view. Such analysis should advance further
theoretical studies of ADHR because even explicitly posing
a regulation problem is a challenge (cf. (Zhang and
Golowasch 2007). We also asked how the target of ADHR,
initial perturbations to ionic conductances, and parameters
of the regulation determine the success or failure of ADHR.
We solved the ADHR problem for the ML model and
answered the above questions by developing the approach
of LeMasson et al. (1993) based on the separation of fast
dynamics of the neuron membrane potential and ion
channel gating variables from slow dynamics of the
regulated neuronal parameters. On the basis of our results,
we formulated specific testable questions for subsequent
experimental and theoretical studies that should advance
our understanding of ADHR.

Parts of this work have been published previously in
abstract form (Olypher and Prinz 2008).

2 Results

2.1 A problem of homeostatic regulation in the Morris-Lecar
model

Consider the Morris-Lecar model in the following dimen-
sionless form (Rinzel and Ermentrout 1998):

dv
dt ¼ I � 0:5ðvþ 0:5Þ � gKwðvþ 0:7Þ � gCam1ðv� 1Þ;

dw
dt ¼ ðw1 � wÞ=t:

8<
:

ð1Þ

Here v is the membrane potential, w is the activation of the
potassium current, I is the external current, gCa and gK are the

Fig. 1 The stomatogastric ganglion of crustaceans as a model system
for studying activity-dependent homeostatic regulation in neurons. (a)
Schematic of the pyloric network and its typical pattern of activity.
All synapses in the circuit are inhibitory. (b) Location of the
stomatogastric ganglion (STG), within the stomatogastric nervous

system. Decentralization by cutting the stomatogastric nerve (stn)
terminates modulatory input to STG neurons. AB, anterior burster
interneuron; PD, pyloric dilator neuron; LP, lateral pyloric neuron;
PY, pyloric neuron; Ach, acetylcholine (PD only); Glu, glutamate (all
but PD)
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maximal conductances of the calcium and potassium cur-
rents. In this study, we considered gCa ∈ [0,3] and gK ∈ [0,5].
The steady state functions w1 and w1, and the time constant
τ are given by the expressions w1 ¼ 0:5 1þ tanh v�ððð
0:1Þ=0:145ÞÞ, m1 ¼ 0:5 1þ tanh vþ 0:01ð Þ=0:15ð Þð Þ, t ¼
f � cosh v� 0:1ð Þ=0:29ð Þ½ ��1. In what follows, I=0.3, f=0.333.
To formulate a problem of activity-dependent homeo-

static regulation it is necessary to define the target of the
regulation. From a physiological point of view, ADHR
should maintain a functional state of the neuron. We
assumed that system (1) functions properly when it has
stable periodic dynamics. Such dynamics in the ML model
may correspond to regular spiking or bursting in biological
neurons (Izhikevich 2007).

To define the target of the regulation more precisely, we
considered the domain of gCa and gK values for which the
ML model has stable periodic dynamics. The borders of the
domain are formed by the points where system (1)
experiences Andronov-Hopf bifurcations (Guckenheimer

and Holmes 1983). The border of the oscillatory domain
to the left of point G (Fig. 2) is formed by the points where
system (1) experiences a supercritical Andronov-Hopf
bifurcation. When this border is crossed from left to right,
the stable steady state (equilibrium) transforms into the
stable periodic state (limit cycle). The amplitude of periodic
oscillations gradually increases from zero with the distance
from the border. The border of the oscillatory domain to the
right of point G is formed by the points where system (1)
experiences a subcritical Andronov-Hopf bifurcation. When
this border is crossed from right to left, the stable steady
state becomes unstable. All the trajectories now converge to
the stable periodic state (limit cycle). The amplitude of the
corresponding periodic oscillations is not small even
immediately after the bifurcation (Fig. 2(b)). To the right
of the oscillatory domain, there is a domain of bistability
(an opaque stripe), where system (1) either oscillates or is
quiescent depending on the initial conditions (Fig. 2(c),
third and fourth panels from the top). The domain of
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Fig. 2 Average calcium current <ICa> in the plane of gCa and gK and
bifurcational diagram for the Morris-Lecar model (1). (a) In the
interior of the parabolic-like curve system (1) has stable oscillations
(“Oscillations”). The points on the left (right) border of the oscillatory
domain are the points of a super- (sub-) critical Andronov-Hopf
bifurcation. At point G these bifurcations coalesce. In the opaque
stripe, system (1) converges to an oscillatory regime or a steady state
depending on the initial conditions. In the rest of the area, system (1)
has a stable steady state. Dashed white line marks gK=3. The
colorcode and isolines are for <ICa>. (b) Maximal and minimal values
of the membrane potential v for gK=3 and gCa ∈ [0,3] Stable steady

state (solid line), unstable steady state (dashed line), stable limit cycle
(filled circles), unstable limit cycle (open circles). AHsup, Andronov-
Hopf supercritical bifurcation; AHsub, Andronov-Hopf subcritical
bifurcation; limit cycle fold, limit cycle fold bifurcation. (c) Limit
behavior of v and <ICa> for gK and gCa corresponding to open circles
in (A): gCa=0.12, 0.68, 1.44, 1.44, 2.63 (from top to bottom); in all
the cases gK=3. For gCa=1.44 (a point in the area of bistability) two
sets of initial conditions were used: v(0)=0.07, w(0)=0.4 (third panel
counting from the top), and v(0)=0.1, w(0)=0.5 (fourth panel counting
from the top); v (thick line), and ICa (thin line); dashed line stands for
0; t=0 corresponds to t=100 in simulations (see Section 4)

J Comput Neurosci (2010) 28:361–374 363



bistability in Fig. 2(a) is bounded to the right by the points
where system (1) has a limit cycle fold bifurcation. When
the line of the limit cycle fold bifurcation is crossed from
left to right, the stable limit cycle collides with the unstable
limit cycle and both annihilate (Fig. 2(b)).

Oscillations in (1) are characterized by different time-
averaged values <ICa> of the calcium current ICa ¼
gCam1 v� 1ð Þ (Fig. 2(a)). Let the target oscillatory state
be identified by a particular value <ICa>* of <ICa>. The
condition <ICa> = <ICa>* defines not one but multiple
points (gCa, gK) belonging to the intersection of the isoline
<ICa> = <ICa>* with the oscillatory domain. Further
constraints, for example on the period of oscillations, could
significantly reduce the set of gCa and gK values for which
system (1) exhibits the target behavior (Fig. 3). However,
experimental and modeling data show that in the living
pyloric system functional states are characterized by
multiple sets of distinct parameter values (Prinz et al.
2004a; Goaillard and Marder 2006). Accordingly, the only
requirement for a target oscillatory regime in our analysis
was <ICa> = <ICa>*.

To complete the formulation of the problem of ADHR it
is necessary to define perturbations, P, for which the
regulation should compensate. Let the “intact” system be
in the target, functional and stable state before a perturba-
tion. Some perturbations can affect dynamical variables v
and w but not the parameters of the system. In such cases,
the internal dynamics return the system to its original

dynamical state. This is what constitutes the stability of the
state. Regulation of parameters is not required in this case.
We did not consider perturbations of v and w in this study.
We focused instead on perturbations of gCa and gK that
push system (1) out of the target state and terminate
oscillations. Precise description of P is a part of the solution
to the problem of ADHR.

ADHR in system (1) should readjust gCa and gK to get
the system back to the target state. We assume that the
readjustment starts immediately after the end of the
perturbation. Solving the regulation problem means finding
regulation dynamics of gCa and gK such that, in time, system
(1) regains its functional state after any perturbation from P.
We assume that the regulation has the form dgCa/dt = fCa(t)
and dgK/dt = fK(t); thus the problem is finding appropriate
functions fCa and fK. We show below that in accord with
intuition the choice of fCa and fK determines the perturbations
P for which the regulation works. Conversely, the choice of
P determines which fCa and fK provide a solution to the
ADHR problem.

We considered a simple model of control as in (LeMasson
et al. 1993):

dgCa
dt ¼ aCa ICa� < ICa>

»� �
;

dgK
dt ¼ �aK ICa� < ICa>

»� �
;

(
ð2Þ

where the absolute values of αCa, αK are the rate constants.
Here, the calcium current, ICa, is considered as a correlate
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of the intracellular Ca2+ concentration, [Ca] ; below, we
analyze a regulation explicitly based on [Ca]. The absolute
values of the parameters αCa and αK in Eq. (2) are assumed
to be small to correspond to slow (on the scale of days)
changes in the conductances. Under this assumption, the
system of Eqs. (1), (2) splits into the “fast” subsystem (1)
and the “slow” subsystem (2). In the fast subsystem, gCa
and αK can be approximately considered as constants. In
the slow subsystem, fast changes of the right-hand sides of
the equations, caused by fast dynamics, can be averaged
out. The split of the system into the fast and slow
subsystem allows for a geometric solution to the problem
(1), (2).

2.2 Geometric solution to the problem of homeostatic
regulation in the Morris-Lecar model

An approximate solution to the formulated problem can be
obtained with the help of a protractor and a ruler (Fig. 4).

Indeed, Eq. (2) imply that the point (gCa (t), gK (t)) moves
along a straight line

gK ¼ � aK

aCa
gCa � gCa;0
� �þ gK;0 ð3Þ

where gCa,0 = gCa(0) and gK,0 = gK(0). The point (gCa (t),
gK (t)) moves along the line (3) starting from the point (gCa,0,
gK,0) until it reaches the isoline ICa = <ICa>*. Note that in the
target oscillatory regime, ICa oscillates around <ICa>* so that
the equality ICa = <ICa>* holds only in the temporal average.
Conductances gCa and gK oscillate as well, though the
amplitudes of oscillations are small because αCa and αK are
small; for example in Fig. 4(b), the amplitudes of oscillations
of gCa and gK are approximately equal to 0.003.

The regulation (2) is successful only if line (3) crosses
the target isoline ICa = <ICa>* in the domain of oscillations.
This necessary condition constrains P to a stripe formed by
all the lines with the slope −αK / αCa crossing the target
isoline. As we show below, in some cases the geometry of
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Fig. 4 A simple activity-dependent homeostatic regulation mecha-
nism in the ML model with negative correlation between the
potassium and calcium conductances. Regulated conductances gCa
and gK are constrained to a line with the slope -1. The target value of
the average calcium current <ICa>* is equal to −0.25; αK = αCa=
0.005. (a) Trajectories of the point (gCa(t), gK(t)) during regulation for
different initial values (gCa,0, gK,0) (triangle, square, and circle).
Control (2) returns the system to an oscillatory regime with <ICa>*=

−0.25 for all initial values between the dashed lines. Arrows show the
directions of the evolution of (gCa(t), gK(t)). The set of perturbations
which are compensated by regulation (2) is in green. (b–d): Time-
dependence of the membrane potential v(top), conductances gCa, gK
(middle), and ICa (bottom). (b) gCa,0=0.2, gK,0=5; triangle in (a). (c)
gCa,0=2, gK,0=2; square in (A). (d) gCa,0=1, gK,0=1; circle in (A).
Control (2) does not restore oscillations though the target <ICa>*=
−0.25 is achieved. Red dashed line: ICa=−0.25
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P can indeed be as simple as a stripe, but in other cases it
can be more complex.

For further analysis, it is useful to consider the dynamics
of the conductances gK and gCa in the time-averaged system
(2). Given that gK is determined by gCa according to (3), it
is sufficient to consider only one equation from (2),

dgCa
dt

¼ aCa < ICa > �< ICa >
»

� �
ð4Þ

with the calcium current ICa substituted with its time-
averaged value <ICa>. <ICa> does not depend on the
membrane potential v because of the averaging. It is known
that solutions to (4) are close to solutions to (2) when αCa

and αK are small, which is the case here (Guckenheimer
and Holmes 1983). A steady state <ICa> = <ICa>* in Eq.
(4) is stable if αCa is positive and d<ICa>/dgCa is negative.
When <ICa>*=−0.25 and αK=−0.01, αCa=0.005, all the
points of the target isoline inside the oscillatory domain are
stable. This can be established just by noticing that the
color for <ICa> is darker to the left of the isoline than to the
right of the target isoline <ICa>=−0.25 (Fig. 5(a)). Thus in
this example, P consists of all the points outside the domain
of oscillations that belong to the lines with slope −αK/αCa

crossing the target isoline.
Figure 5(b) provides an example where two pieces of the

target isoline form the border of P. Here <ICa>*=−0.75,
αCa=0.005, αK=0.05. Potential elements of P are the
points between the two dashed lines below the border of the
oscillatory domain. Any line with the slope −10 inside this
area crosses the isoline <ICa>*=−0.75 at two points. In the
upper point, d(<ICa>)/dgCa<0. Hence the upper point is
stable. In the lower point d(<ICa>)/dgCa>0. Hence, the
lower point is unstable. The “unstable” piece of isoline
<ICa>*=−0.75 limits P from below.

Finally, Fig. 5(c) provides an example where the set P is
not convex. In this example, <ICa>*=−0.5, αCa=0.005, αK=
−0.0147. Potential elements of P are the points between the
two dashed lines below the border of the oscillatory domain.
Some lines with the slope −αK/αCa=2.94 inside this area
cross the isoline <ICa>*=−0.5 at three points; the middle point
lies in the area of bistability of the ML model. Analysis of the
sign of d(<ICa>)/dgCa in these points show that the middle
point is unstable while the two other points are stable. As a
result, P in this case is a relatively small and nonconvex set.

Remarks First, the geometric solution considered here is an
asymptotic one. The smaller coefficients αCa and αK are the
better the geometric solution approximates the exact
solution. For large values of αCa and αK corresponding to
fast conductance regulation, geometric considerations based
on Fig. 2 are inappropriate. For example, for αCa = αK=2.5,
gCa,0 = gK,0=2, and <ICa>*=−0.25 the system (1), (2) does
not converge to an oscillatory solution at all (Fig. 6).

Instead, it converges to a stable steady state in which ICa=
−0.25 (Fig. 6(b1)). The steady state values of conductances
are gCa=3.43 and gK=0.57. These values of conductances
are well inside the oscillation domain (black cross in Fig. 6
(a)). Why, then, does the system not oscillate? The
explanation is that for large values of αCa and αK the
changes of gCa and gK are not slow. As a result, the ML
model with constant conductances gCa and gK does not
approximate the dynamics of Eq. (1) with the conductances
evolving according to Eq. (2). Consequently, the bifurcation
diagram and isolines of <ICa> in Fig. 2 become inapplica-

0

5

0

g
K

0

-1

-2

-0
.2

5
-0

.2
5

-0.75-0.75

-2.0-2.0

Oscillations

-0.5-0.5

1

(b)

G

-0
.5

-0
.5

0

5

0

g
K

0

-1

-2

-0
.2

5
-0

.2
5

-0.75-0.75

-2.0-2.0

-0.5-0.5

1

(c)

-0
.5

-0
.5

gCa

0

3

3

3

5

0

g
K

0

-1

-2

-0
.2

5
-0

.2
5

-0.75-0.75

-2.0-2.0

-0.5-0.5

1

2

2

2

(a)

-0
.5

-0
.5

Fig. 5 Examples of perturbations of the conductances gCa and gK
compensated by the regulation (2). The sets of perturbations which are
compensated by regulation (2) are in green. (a) <ICa>*=−0.25, αCa=
0.005, αK=−0.01. (b) <ICa>*=−0.75, αCa=0.005, αK=0.05. (c)
<ICa>*=−0.5, αCa=0.005, αK=−0.0147. Stable (attracting) points in
the target isolines are in white, unstable (repelling) points are in
magenta. Arrows show the directions of the evolution of (gCa(t), gK(t))

366 J Comput Neurosci (2010) 28:361–374



ble. Interestingly, for just slightly slower regulation αCa =
αK=2.25 the solution of system (1), (2) does converge to a
stable oscillatory regime (Fig. 6(b2)). The finding of the
exact values of αCa and αK for which regulation (2) brings

the system to oscillations required bifurcational analysis of
the full system (1), (2) which was beyond the scope of the
current study, in which we constrained ourselves to
studying slow ADHR only.

Second, for appropriate initial perturbations, regulation
can be achieved by changing only one conductance. Indeed,
a general form of Eq. (3) is aCa gK � gK;0

� �þ aK gCa�ð
gCa;0Þ ¼ 0. For example, when αK=0, gCa changes along the
line gK ≡ gK,0, and the border for P is parallel to the axis gCa.

Third, regulation (2) is robust. It is robust in that there is
no need to finely tune coefficients αCa and αK to achieve
the control goal. The values of these coefficients can vary
over wide ranges. Each choice of αCa and αK however
changes the domain of perturbations P compensated by the
regulation (Fig. 4(b) and (c)).

Finally, similar geometric considerations hold in the case
when conductances are regulated in proportion to the
product of the difference ICa- <ICa>* and the conductances
themselves:

dgCa
dt ¼ aCa ICa� < ICa>

»� �
gCa;

dgK
dt ¼ �aK ICa� < ICa>

»� �
gK :

8<
: ð5Þ

In this case, not the conductances themselves but their
logarithms are constrained to a line

ln gKð Þ ¼ � aK

aCa
ln gCað Þ � ln gCa;0

� �� �þ ln gK;0
� �

:

The approximate solution to (1), (4) can be also found with
the help of a protractor and a ruler. In this case, however, it
must be done in the plane (ln(gCa), ln(gK)).

2.3 Details of transitions to the target regime during slow
regulation are determined by specific bifurcations in the fast
subsystem

As we have shown above, the regulation (2) for system (1)
can be a success when gCa and gK correlate and when gCa
and gK anti-correlate, though for different perturbations.
Can both cases occur in the living neuron? The knowledge
of details of transitions to the target regime during the
recovery could help to answer this question.

In the case of the ML model, considered here, correlated
changes of gCa and gK lead to oscillations predominantly
through a supercritical bifurcation in the fast system, while
anti-correlated changes of gCa and gK lead to oscillations
predominantly through a subcritical bifurcation in the fast
system. This is a consequence of the geometry of the
bifurcational diagram and the isolines of <ICa>. Do these
two transitions to oscillations look differently in system (1),
(2)?

Simulations show that the transitions are quite distinct
though smeared by the slow regulation. Figure 7 illustrates
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and gK=0.57. (b) Traces of the membrane potential v (top panel), gCa
and gK (middle panel), and ICa (bottom panel). (b1) Dynamics of the
system (1), (2) converges to the steady state with gCa=3.43 and gK=
0.57 (black cross in (a)) and ICa=−0.25 when αCa = αK=2.5. (b2) For
slightly slower rates of regulation, αCa = αK=2.25, dynamics
converges to the limit cycle with <ICa>=−0.25 and average values
of gCa and gK close to 3.43 and 0.57 respectively. Notice that the limit
values of conductances lay within the oscillatory domain and far from
the isoline <ICa>=−0.25 of the ML model. Red dashed line in bottom
panels of b: ICa=−0.25
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the case with <ICa>*=−0.25, αK = αCa=0.005 and αK =
αCa=0.00005, and initial values of gCa and gK at the line
gK=3.5-gCa. Figure 7(a) shows that the slow increase of gCa
and decrease of gK lead to a slow increase of the amplitude
of oscillations, completely in accord with the intuition on a
transition to oscillations through a supercritical Andronov-
Hopf bifurcation (Fig. 2(b)). The transition to oscillations
through a subcritical Andronov-Hopf bifurcation does not
happen through a sudden emergence of oscillations as it
would be the case in the classical ML model (Fig. 2(b)).
Instead, the amplitude increases gradually (Fig. 7(b)).
However, the increase of the amplitude is much more rapid
compared to the transition to oscillations through the
supercritical Andronov-Hopf bifurcation. After the rapid
increase, the amplitude starts to decrease, in accord with the
amplitude map (Fig. 3(b)). In the case of the supercritical
Andronov-Hopf bifurcation the amplitude increases mono-
tonically. Finally, a slower rate of the regulation slows
down the changes of the amplitude in both cases.

We see that assumptions on regulation and initial
perturbations predict specific details of the transition to
oscillations. Vice versa, the knowledge of the transition
informs on the location of the transition and hence, possible
regulation and initial perturbations.

2.4 “Bouting” in the Morris-Lecar model with homeostatic
regulation of ionic conductances

In what follows we provide an example of how specific
details of regulation in living neurons can be mimicked and
explored in a model using the knowledge of the geometry
and dynamics of the regulation.

When the pyloric network in crabs recovers from the
termination of modulatory input, the recovery is accompa-
nied by episodic bouts of the network activity (Luther et al.
2003). During each bout of activity the neurons of the
network burst in the triphasic pattern of the pyloric rhythm
for some time, and then become silent again. The full
recovery with regular uninterrupted bursting occurs after a
number of bouts.

We hypothesize that isolated AB and PD neurons that form
the pacemaker kernel of the pyloric network (Miller and
Selverston 1982) also exhibit bouts of activity during their
recovery. The above analysis of system (1), (2) suggests that
these bouts of neuronal activity could occur because of
repetitive entries into and exits out of the domain in the
space of parameters where these neurons burst. What
regulation could lead to “bouting” in the ML model?

Regulation (2) is not sufficient to mimic bouting. Indeed,
bouting implies repetitive and significant increases and
decreases of the calcium conductance gCa. If gCa is driven
by (2) then as we showed earlier, the average value of gCa
changes monotonically until <ICa> reaches <ICa>* (Fig. 4
(b) and (c)). To overcome this limitation, we considered a
more complex regulation involving intracellular calcium
concentration [Ca] (here and below [Ca] refers to the
cytosolic concentration of Ca2+; see Section 3 for further
details):

dgCa
dt ¼ �aCa Ca½ � �< Ca½ � >»

� �
;

dgK
dt ¼ aK Ca½ � �< Ca½ � >»

� �
;

d Ca½ �
dt ¼ �gICa � Ca½ �=tCa:

8>><
>>: ð6Þ

The target of the regulation (6) is a specific average
value of [Ca], <[Ca]>*; γ, αK, αCa, and τCa are positive
constants such that the dynamics in (6) is much slower than
the dynamics in (1). When γ=0.01, αK=0.01, αCa=0.01,
τCa=98.4, <[Ca]>*=0.48, gCa, 0=2, gK, 0=1.5, the dynam-
ics of system (1), (6) exhibits bouts of oscillations (Fig. 8).
According to the first two equations in (6) and Eq. (3),
conductances gCa and gK move along the line

gK ¼ � gCa � 2ð Þ þ 1:5 ð7Þ
The line (7) crosses the target isoline <[Ca]>*=0.48 in

the domain of bistability. The isoline is not shown. It is
slightly left to the isoline <ICa>*=−0.5 because the third
equation of (6) implies that in the limit when gCa and gK do
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Fig. 7 Transitions to the oscillatory state in the Morris-Lecar model
(1) with regulation (2). Conductances gCa and gK for all moments of
time belong to the line gK=3.5-gCa; <ICa>*=−0.25. (a) Transition
through the supercritical Andronov-Hopf bifurcation; initial values of
the conductances gCa,0=0.431, gK,0=3.069. (b) Transition through the
subcritical Andronov-Hopf bifurcation; initial values of the conduc-
tances gCa,0=1.005, gK,0=2.495. Faster (αK = αK=0.005; gray) or
slower (αK = αK=0.00005; black) regulation implies faster or slower
transition, respectively
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not change on average, <ICa> = −<[Ca]>/(τCaγ). Hence,
<[Ca]>*=0.48 corresponds to the value <ICa>*=−0.49.
The point of the intersection of (7) and the isoline <[Ca]>*=
0.48 (black cross in Fig. 8(a)) is a stable steady point for
the equation dgCa=dt ¼ �aCa < Ca½ � > �0:48ð Þ because
d(<Ca>)/dgCa is positive in this point. Bouting occurs
because the dynamics of [Ca] is slightly slower than the
dynamics of the conductances. This gives the system (7)
some inertia, which first brings the point (gCa(t), gK(t)) to
the oscillatory domain and then pulls it back to the silent
domain (Fig. 8(b)). When the point (gCa(t), gK(t)) returns
back, oscillations are prolonged because of the bistability
(Figs. 2(b) and 8(c)). Because of the slow drift of the point
(gCa(t), gK(t)) up the line (7), at a certain moment of time
(gCa(t), gK(t)) is not able to reach the silent domain, and this
is the moment of complete recovery, i.e. transition to
uninterrupted oscillations. If the point (gCa(t), gK(t)) did not
drift into the side of the oscillatory domain but change
periodically the resulting dynamics would correspond to the
mechanism of periodic elliptic bursting described by Rinzel
and Ermentrout (1998; see their Fig. 7.10)

The observed bouting was sensitive to the parameters of
regulation (6). For example, when τCa increased from 98.39
through 98.41 the number of bouts decreased from 30 to
13. When τCa=100, so that the rates of dynamics of the
conductances and [Ca] in (7) are equal, bouts of oscillations
in (1), (6) did not converge to normal, uninterrupted
oscillations.

As in the case of system (2), the fast/slow analysis
allows us to determine the set of initial conditions P which
are compensated by control (6). Fast changes of ICa based
on fast changes of the membrane potential v can be
averaged over in system (6) with <ICa> substituting for ICa:

dgCa
dt ¼ �aCa Ca½ � �< Ca½ � >»

� �
;

d Ca½ �
dt ¼ �g < ICa > � Ca½ �=tCa:

(
ð8Þ

Straightforward analysis shows that system (8) has
a stable steady state in which gCa is the solution to
the equation �g < ICa > gCað Þ �< Ca½ � >»

=tCa ¼ 0 and
[Ca] = <[Ca]*>. The eigenvalues, λ1 and λ2, of the
system’s Jacobian in the steady state conform to the
equalities λ1+λ2=−1/τCa, λ1λ2 = −αCaγd(<ICa>)/dgCa.
Hence, for positive τCa, αCa, γ the eigenvalues λ1 and λ2
are both negative when d(<ICa>)/dgCa is negative along the
line gK ¼ � aK

aCa
gCa � gCa;0
� �þ gK;0 (see Eq. (3)), and

accordingly the target steady state is stable. It is easy to
check that d(<ICa>)/dgCa is negative in most of the cases.
Exceptions are provided by a small set of regulations with
αK > αCa and particular values of <[Ca]>* as in the example
in Fig. 5(c), where d(<ICa>)/dgCa is positive in the magenta
portion of the isoline.
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(gCa (t), gK(t)) sets to the point (1.08, 2.42) (black cross). The target
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close to the isoline <ICa>=−0.5 (see the text for details); αCa=0.01,
αK=0.01. (b) Time-dependence of the membrane potential v (top),
conductances gK (solid line), gCa (dashed line) (middle), and [Ca]
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experiences a subcritical Andronov-Hopf bifurcation. Notice that the
oscillations continue for greater values of gCa (up to the dashed line)
because of the bistability in the Morris-Lecar model for these values of
gCa and gK (cf. Fig. 2(b)).
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3 Discussion

We have presented a theoretical and computational solution
to a prototypical problem of a slow activity-dependent
homeostatic regulation (ADHR) for the Morris-Lecar (ML)
model. The solution reveals geometric and dynamic
properties of activity-dependent homeostatic regulation
(ADHR). In particular, we showed explicitly how the
activity target, initial perturbations to ionic conductances,
and parameters of the conductance regulation determine the
success or failure of ADHR. Our approach is quite general and
can be applied to more complicated neuronal models. It is
based on the slowness of the regulation compared to the
neuronal dynamics, and the assumption that a complex
regulation of neuronal parameters is approximated by a linear
combination of a fixed number of regulatory mechanisms.

Our approach is similar to that of LeMasson et al.
(1993). The main difference is that to gain deeper insight
into the mathematical properties of ADHR, we considered
perturbations of the conductances only, but not perturba-
tions of reversal potentials of ionic currents as in (LeMasson
et al. 1993). Accordingly, the domain of ionic conductances
where our model had periodic oscillations was not affected
by perturbations. We also advanced the analysis of the
regulation by exploiting the well-known bifurcational prop-
erties of the ML model. The choice of the ML model was
convenient but not critical; XPPAUT (Ermentrout 2002) and
CONTENT software packages (Kuznetsov et al. 1996) allow
to perform a bifurcational analysis for quite complex
neuronal models (Cymbalyuk et al. 2002; Fernandez et al.
2007).

3.1 Geometry arising from a limited number of control
mechanisms: low-dimensional manifolds linking the initial
and target values of regulated parameters

The geometric analysis in this study exploited a general fact
that neuronal parameters varying in the course of ADHR
belong, with some accuracy, to low-dimensional linear
manifolds. The linearity of these manifolds follows from a
natural assumption that the regulated parameters gi = gi(t),
i=1, ...,m, are controlled by a linear superposition of several
regulating mechanisms fj = fj(t), j=1, ...,n:

dg1
dt ¼ a11 f1 þ a12 f2 þ . . .þ a1n fn;

..

.

dgm
dt ¼ am1 f1 þ am2 f2 þ . . .þ amn fn;

8><
>:
here aij are constants. Such linearization can be an
acceptable approximation to the actual mechanism of
regulation (cf. Liu et al. 1998). The dimension of the linear
manifold that contains the gi’s does not exceed the number
of the regulating mechanisms; the exact value is equal to

the rank of the matrix A = (aij). For example, in the model
of ADHR in (Liu et al. 1998) m=7, n=3, and the dimension
of the manifold was equal to three. Our work shows
examples of one-dimensional manifolds.

The concept of a linear manifold containing regulated
parameters naturally extends to the case when the changes
of parameters are proportional to parameters themselves, as
in Eq. (5). In this case linear manifolds contain not the
parameters but the natural logarithms of the regulated
parameters. Interestingly, correlations between the loga-
rithms of conductances but not between conductances
themselves were indeed observed in stomatogastric neurons
(J. Golowasch, personal communication).

One-dimensional manifolds of regulated parameters can
be found in earlier models of ADHR, sometimes without
explicit mention. For example in the model of ADHR in
(Liu et al. 1998), the maximal conductances of the currents
with slow dynamics, namely the calcium-dependent and
transient potassium currents, and a hyperpolarization-
activated current, belong to a line. The dimension of the
manifold is equal to one because of particular values of the
coefficients of the linear combination of regulating mech-
anisms (Eq. (3) and Table 1 in (Liu et al. 1998)). For close
values of the coefficients, one-dimensional manifolds can
be considered as initial approximations. In another model of
ADHR, the maximal conductances of a calcium, GCa, and
potassium, GK , current were the only two regulated
conductances (Zhang and Golowasch 2007). In that model,
GCa was inversely proportional to GK . In other words, the
logarithms of GCa and GK belonged to a straight line with a
slope -1.

Recent experimental data support the possibility that
certain subsets of regulated parameters can belong to one-
dimensional manifolds and accordingly be subject to a
common control. Schulz et al. (2007) have found multiple
correlations between the expression levels of mRNA’s
corresponding to certain ion current channels in stomato-
gastric (STG) neurons of the crab. As a result, the levels of
expression concentrate near a line segment in the space of
mRNA expression levels (Fig. 4(b) in (Schulz et al. 2007)).
That could mean that all cells have the same regulatory
mechanism which started to control mRNAs from the same
initial values. Different locations along the line in the space
of mRNA expression levels then might mean that this
mechanism acted with different intensity in different animals.
As in the case with conductances, the levels of mRNA
expression not necessarily change monotonically in time.
Pairwise correlations between parameters have also been
observed for STG neuronal models by brute force explora-
tion of the parameter space of the model (Prinz et al. 2008).

A necessary condition for the success of ADHR is the
intersection of the manifold with the regulated parameters,
MRP, with the domain of parameters where the neuron has
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the target activity. As we have noted recently, the target
domain is generically a smooth manifold, at least locally
(Olypher and Calabrese 2007). For the ML model considered,
this was a portion of the isoline corresponding to a specific
value of the averaged calcium current or the averaged
intracellular calcium concentration. As we showed here, the
target domain can be at least partially identified by
constructing a bifurcation diagram (Fig. 2). Bifurcation
diagrams can be built for quite complex neuronal models
using XPPAUT (Ermentrout 2002) and CONTENT software
packages (Kuznetsov et al. 1996) (see e.g., (Cymbalyuk et al.
2002; Fernandez et al. 2007)). These packages allow the
identification and localization of bifurcation boundaries for
three simultaneously varied parameters at most. This limita-
tion reflects the increasing complexity of bifurcation analysis
with the increase of the number of simultaneously varied
parameters (Arnold et al. 1994). ADHR may involve
simultaneous change of more than three parameters. For
example, four ionic conductances changed significantly in the
course of functional recovery of stomatogastric neuron
(Khorkova and Golowasch 2007). However, even in the case
of more than three regulated parameters, the border of the
target domain will mostly consist of hypersurfaces determined
by simple bifurcations as in Fig. 2, where the most complex
bifurcation determines only one point, G, of the border. A
geometric description of the target domains for data coming
from brute force exploration of parameter spaces (Prinz et al.
2003; Prinz et al. 2004a) is an open problem (Taylor et al.
2006). Some description can be obtained computationally by
finding convex hulls of the appropriate parameter subsets
(Barber et al. 1996).

As we have explicitly shown in the case of the ML
model, the efficiency of the control is strongly determined
by the set of perturbations this control is supposed to
compensate. This is the third key component of the ADHR
geometry, along with MRP and the domain of target values
of the regulated parameters. We found that for some
parameters of the regulation (2), the set of perturbations,
P , that can be compensated by the regulation, has complex
geometry (Fig. 5(c)). Complex geometry of P such as in
Fig. 5(c) seems incompatible with the experimentally
observed robustness of ADHR. Future experiments should
explore how specific perturbations tolerated by neurons are.

We also found that perturbations determine specific
transitions to the target state of the neuron. In our model,
some perturbations led to slow increase of the oscillation
amplitude while others led to rapid increase of the
oscillations during the transition from the quiescent state.
This is why experimental studies of how the recovery
depends on specific perturbations will be important for
revealing the mechanisms of ADHR.

Our model shows that depending on perturbations, the
conductances of the potassium and calcium currents should

either correlate (Fig. 5(a) and (c)) or anti-correlate (Figs. 4
(a) and 5(b)) for the success of the regulation. Experimental
data on the functional recovery of stomatogastric neurons
shows correlated changes of ionic conductances only
(MacLean et al. 2003; MacLean et al. 2005; Khorkova
and Golowasch 2007; Schulz et al. 2007). Our results thus
raise an important question: whether the model does not
account for specific genetic and epigenetic mechanisms
favoring correlated over anti-correlated changes of the
conductances, or whether living neurons do not recover
from perturbations which would require anti-correlated
changes of the conductances.

3.2 Dynamics of homeostatic regulation: slow and fast
subsystems

In this work, we exploited a separation of activity-
dependent homeostatic regulation into slow and fast
processes. We considered all the endogenous neuronal
dynamics as fast compared to slow changes of parameters
in the course of regulation. The averaging method provides
a tool for the effective exploration of the fast and slow
subsystems separately. This method has proved to be useful
in many problems of neuronal activity such as for example
the analysis of bursting (Rinzel and Ermentrout 1998); see
also recent results on analysis of the persistent states of
activity (Cressman et al. 2009; Ullah et al. 2009).

Provided the ratio of characteristic times of the fast and
slow subsystems is low, as is the case for slow ADHR, the
solution to the averaged system well approximates the exact
solution in two main cases: when the fast subsystem has a
stable steady state (Tikhonov’s theorem) or a stable
periodical regime (Pontryagin-Rodygin’s theorem) (see
(Izhikevich 2007) ). It is well known that near the state
transitions the accuracy of averaging requires special
consideration. Our analysis of the averaged systems (4)
and (8) was in agreement with the simulations. It suggests
that the accuracy remained reasonable even in the presence
of state transitions.

Dynamics of ADHR typically involve transitions of
neuronal dynamics from one state to another. As we showed,
these transitions are associated with bifurcations of the fast
subsystem during the slow evolution of the regulated
parameters. Specific bifurcations mean specific parameter
changes in specific locations of the parameter space. Such
information narrows the domain of the initial perturbation of
neuronal parameters and the way parameters are regulated.
Our study shows that although the characteristic behavior of
the fast subsystem during bifurcations can be smeared by the
slow dynamics of regulated neuronal parameters, different
bifurcations can still be distinguishable (Fig. 7). Intracellular
recordings of neurons when they start to recover their
functional spiking activity, and bifurcational analysis of
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adequate neuronal models can specify transitions between
dynamical states of the neurons during ADHR.

A perhaps even more feasible way of exploring details of
transitions would be using dynamic clamp (Prinz et al.
2004b). Our analysis, and the model of the pyloric network
pacemaker AB neuron (Zhang et al. 2008) predict that even
the variation of one conductance can be sufficient for
ADHR. In the experiment, one could selectively block
various currents in isolated STG neurons after decentral-
ization, and then add the blocked currents with the dynamic
clamp (see, e.g. (Sorensen et al. 2004; Olypher et al.
2006)). A slow increase of the conductance of the blocked
current could lead to the recovery of the neuron. In this
way, one might explore transitions to the functional state of
the neuron in great detail, and accurately assess the role of
the current by comparing the original value of conductance
and the value sufficient for the recovery of the neuron.

Further theoretical analysis of ADHR should benefit
from control theory (Fradkov and Pogromsky 1998). The
theory provides an adequate framework for the problem of
ADHR. For example, regulation (6) can be considered as an
integral feedback control of the rate of conductance
changes driven by the difference between the current
calcium concentration in the neuron and the target value
of the concentration (cf. (El-Samad et al. 2002)).

3.3 Potential homeostatic regulation mechanisms
in living neurons

We showed that even in our simple model of ADHR there
are multiple ways of activity-dependent homeostatic regu-
lation. Subcellular mechanisms underlying such regulation
in living neurons are a subject of intense research. At least
some of these mechanisms may involve Ca2+ - dependent
signaling networks that transform the changes of membrane
depolarization into transcriptional activity in the nucleus
(Fields et al. 2005). Signaling in these networks depends on
Ca2+ -dependent molecules, including Ca2+/calmodulin-
dependent protein kinases, which ultimately act upon
intra-nuclear targets. Spatio-temporal changes in Ca2+

depend on the calcium influx through channels in the
neuronal membrane, fluxes through intracellular compart-
ments such as endoplasmic reticulum and mitochondria,
and release and uptake from internal Ca2+ stores. All these
processes are potential targets of regulation. For example,
maintenance of the endoplasmic reticulum Ca2+ concentra-
tion was at the core of homeostatic regulation in a recent
modeling study by (Zhang and Golowasch 2007; Zhang et
al. 2008). Activity-dependent calcium regulation is likely
important for ADHR not only in individual neurons but
also in neuronal networks because variations of calcium
concentration link intrinsic and synaptic plasticity (Petersen
and Verkhratsky 2007; Nelson and Turrigiano 2008).

Agents other than calcium might be also involved in
ADHR. For example, the extracellular concentration of
tumor necrosis factor alpha (TNF-α) correlates with
neuronal activity (Stellwagen and Malenka 2006). Another
study reports a calcium-independent long-lasting increase
of neuronal excitability in Aplysia (Kunjilwar et al. 2009).
Finally, not only ionic conductances but parameters of the
current activation and inactivation kinetics can be regulated.
For example (McAnelly and Zakon 2000) have reported a
coregulation of sodium inactivation and potassium activa-
tion time constants in the electric organ cells of weakly
electric fish. Further experimental and theoretical work is
necessary to elucidate various mechanisms of activity-
dependent homeostatic regulation in neurons.

Our study suggests the following steps for the theoretical
analysis of slow ADHR in neurons. 1) Select two neuronal
parameters, say P1 and P2, which are assumed to change
most during the regulation. 2) On the basis of experimental
data identify the target dynamical state of the neuron. 3)
Define a neuronal model whose parameters include P1 and
P2. Use bifurcational analysis to determine the domain in
the plane (P1, P2) where the model has target dynamics. 4)
Choose a functional and its value(s) which might corre-
spond to the target dynamics; in the present study, the
average value of the calcium current was such a functional.
5) If neuronal dynamics during ADHR change qualitatively
then determine bifurcations in the bifurcational diagram
which are most consistent with the changes. These
bifurcations constrain the initial values of P1 and P2 and
the trajectory of the point (P1, P2). 6) Consider possible
approximations of the (P1, P2) trajectory by lines in
Cartesian or logarithmic coordinates. For such approxima-
tions, the simplest control mechanism would be a propor-
tional control where the derivatives of the parameters P1
and P2 are proportional to the difference between the
momentary and target value of the functional as in (2), or to
the product of the difference and the parameter as in (5). 7)
Check if such model matches with the experiment and what
are the predictions of the resulting model of ADHR.

4 Methods

The Morris-Lecar model was simulated with the Matlab
(MathWorks, Natick, MA) solver ode15s with the absolute
and relative tolerances equal to 10−8. The initial conditions for
most of the simulations were the same: v(0)=−0.1, w(0)=0.
Except for the bistability domain, initial values were of no
importance because of the global stability of dynamical
regimes.

In all simulations, the first 100 units of time were
considered as an interval sufficient for stabilization of the
pattern and were discarded. For the analysis we used the
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next 100 units of time, T. Low variability of the period in
this range confirmed the convergence to a stable regime.
Time-averaging for the calcium current, <ICa>, was
performed by integrating the values of the current over T
and dividing by 100. This averaging interval included more
than ten oscillations given the period of oscillations did not
exceed ten (see Fig. 3(a)). For the integration, we used the
trapezoid method with the integration step 0.01. In Figs.
2(a) and 3, gCa varied from 0 to 3 with step 0.1 and gK
varied from 0 to 5 with step 0.1. For these simulations we
used a high-performance Emory University cluster with 256
nodes. To generate smooth and colored diagrams in the
plane of gCa and gK we used the Matlab function surf. For
the bistability domain, we did not calculate the time-
averaged values of the calcium current, <ICa>. Bifurcation
diagrams were generated with the packages XPPAUT
(Ermentrout 2002) and CONTENT (Kuznetsov et al. 1996).

Acknowledgements The authors thank L. Abbott, R. Calabrese, C.
Gunay, and A. Hudson for helpful discussions, and the reviewers for
inspiring and helpful comments. Supported by NIH Grant 1 R01
NS054911-01A1 from NINDS.

References

Arnold, V. I., Afrajmovich, V. S., Il’yashenko, Y. S., & Shil’nikov, L.
P. (1994). Bifurcation theory and catastrophe theory. Berlin:
Springer.

Barber, C. B., Dobkin, D. P., & Huhdanpaa, H. (1996). The quickhull
algorithm for convex hulls. ACM Transactions on Mathematical
Software, 22(4), 469–483.

Cressman, J. R., Jr., Ullah, G., Ziburkus, J., Schiff, S. J., & Barreto, E.
(2009). The influence of sodium and potassium dynamics on
excitability, seizures, and the stability of persistent states: I.
Single neuron dynamics. Journal of Computational Neurosci-
ence, 26(2), 159–170.

Cymbalyuk, G. S., Gaudry, Q., Masino, M. A., & Calabrese, R. L.
(2002). Bursting in leech heart interneurons: cell-autonomous
and network-based mechanisms. Journal of Neuroscience, 22
(24), 10580–10592.

Davis, G. W. (2006). Homeostatic control of neural activity: from
phenomenology to molecular design. Annual Review of Neuro-
science, 29, 307–323.

Davis, G. W., & Bezprozvanny, I. (2001). Maintaining the stability of
neural function: a homeostatic hypothesis. Annual Review of
Physiology, 63, 847–869.

El-Samad, H., Goff, J. P., & Khammash, M. (2002). Calcium
homeostasis and parturient hypocalcemia: an integral feedback
perspective. Journal of Theoretical Biology, 214(1), 17–29.

El-Samad, H., Kurata, H., Doyle, J. C., Gross, C. A., & Khammash,
M. (2005). Surviving heat shock: control strategies for robustness
and performance. Proceedings of the National Academy of
Sciences of the United States of America, 102(8), 2736–2741.

Ermentrout, E. (2002). Simulating, analyzing, and animating dynam-
ical systems: A guide to XPPAUT for researchers and students.
Philadelphia: SIAM.

Fellin, T., Pascual, O., & Haydon, P. G. (2006). Astrocytes coordinate
synaptic networks: balanced excitation and inhibition. Physiology
(Bethesda), 21, 208–215.

Fernandez, F. R., Engbers, J. D., & Turner, R. W. (2007). Firing
dynamics of cerebellar purkinje cells. Journal of Neurophysiol-
ogy, 98(1), 278–294.

Fields, R. D., Lee, P. R., & Cohen, J. E. (2005). Temporal integration
of intracellular Сa2+ signaling networks in regulating gene
expression by action potentials. Cell Calcium, 37(5), 433–442.

Fradkov, A. L., & Pogromsky, A. Y. (1998). Introduction to control of
oscillations and chaos. Singapore: World Scientific.

French, L. B., Lanning, C. C., & Harris-Warrick, R. M. (2002). The
localization of two voltage-gated calcium channels in the pyloric
network of the lobster stomatogastric ganglion. Neuroscience,
112(1), 217–232.

Goaillard, J. M., & Marder, E. (2006). Dynamic clamp analyses of
cardiac, endocrine, and neural function. Physiology (Bethesda),
21, 197–207.

Golowasch, J., Casey, M., Abbott, L. F., & Marder, E. (1999).
Network stability from activity-dependent regulation of neuronal
conductances. Neural Computation, 11(5), 1079–1096.

Guckenheimer, J., & Holmes, P. (1983). Nonlinear oscillations,
dynamical systems, and bifurcations of vector fields. New York:
Springer.

Gunay, G., & Prinz, A.A. (2009). Model calcium sensors for network
homeostasis: Sensor and readout parameter analysis from a
database of model neuronal networks. Journal of Neuroscience
(in press).

Izhikevich, E. (2007). Dynamical systems in neuroscience. Cam-
bridge: MIT.

Khorkova, O., & Golowasch, J. (2007). Neuromodulators, not activity,
control coordinated expression of ionic currents. Journal of
Neuroscience, 27(32), 8709–8718.

Kunjilwar, K. K., Fishman, H. M., Englot, D. J., O’Neil, R. G., &
Walters, E. T. (2009). Long-lasting hyperexcitability induced by
depolarization in the absence of detectable Ca2+ signals. Journal
of Neurophysiology, 101(3), 1351–1360.

Kuznetsov, Y., Levitin, V., & Skovoroda, A. (1996). Continuation of
stationary solutions to evolution problems in content. In.
Amsterdam: Centrum/Voor Wiskunde en Informatica.

LeMasson, G., Marder, E., & Abbott, L. F. (1993). Activity-dependent
regulation of conductances in model neurons. Science, 259
(5103), 1915–1917.

Liu, Z., Golowasch, J., Marder, E., & Abbott, L. F. (1998). A model
neuron with activity-dependent conductances regulated by
multiple calcium sensors. Journal of Neuroscience, 18(7),
2309–2320.

Luther, J. A., Robie, A. A., Yarotsky, J., Reina, C., Marder, E., &
Golowasch, J. (2003). Episodic bouts of activity accompany
recovery of rhythmic output by a neuromodulator- and activity-
deprived adult neural network. Journal of Neurophysiology, 90
(4), 2720–2730.

MacLean, J. N., Zhang, Y., Johnson, B. R., & Harris-Warrick, R. M.
(2003). Activity-independent homeostasis in rhythmically active
neurons. Neuron, 37(1), 109–120.

MacLean, J. N., Zhang, Y., Goeritz, M. L., Casey, R., Oliva, R.,
Guckenheimer, J., et al. (2005). Activity-independent coregula-
tion of ia and ih in rhythmically active neurons. Journal of
Neurophysiology, 94(5), 3601–3617.

Marder, E., & Prinz, A. A. (2002). Modeling stability in neuron and
network function: The role of activity in homeostasis. Bioessays,
24(12), 1145–1154.

Marder, E., & Goaillard, J. M. (2006). Variability, compensation and
homeostasis in neuron and network function. Nature Reviews
Neuroscience, 7(7), 563–574.

Marder, E., Abbott, L. F., Turrigiano, G. G., Liu, Z., & Golowasch, J.
(1996). Memory from the dynamics of intrinsic membrane
currents. Proceedings of the National Academy of Sciences of
the United States of America, 93(24), 13481–13486.

J Comput Neurosci (2010) 28:361–374 373



McAnelly, M. L., & Zakon, H. H. (2000). Coregulation of voltage-
dependent kinetics of Na(+) and N(+) currents in electric organ.
Journal of Neuroscience, 20(9), 3408–3414.

Miller, J. P., & Selverston, A. I. (1982). Mechanisms underlying
pattern generation in lobster stomatogastric ganglion as deter-
mined by selective inactivation of identified neurons. II.
Oscillatory properties of pyloric neurons. Journal of Neurophys-
iology, 48(6), 1378–1391.

Mizrahi, A., Dickinson, P. S., Kloppenburg, P., Fenelon, V., Baro, D.
J., Harris-Warrick, R. M., et al. (2001). Long-term maintenance
of channel distribution in a central pattern generator neuron by
neuromodulatory inputs revealed by decentralization in organ
culture. Journal of Neuroscience, 21(18), 7331–7339.

Morris, C., & Lecar, H. (1981). Voltage oscillations in the barnacle
giant muscle fiber. Biophysical Journal, 35(1), 193–213.

Nelson, S. B., & Turrigiano, G. G. (2008). Strength through diversity.
Neuron, 60(3), 477–482.

Olypher, A. V., & Calabrese, R. L. (2007). Using constraints on
neuronal activity to reveal compensatory changes in neuronal
parameters. Journal of Neurophysiology, 98(6), 3749–3758.

Olypher, A. V., & Prinz, A. A. (2008). Restrictions on intrinsic
neuronal properties following from models of homeostatic
regulation of neuronal activity. Abstract Viewer/Itinerary Planner.
Washington, DC: Society for Neuroscience Abstracts online.
Program No. 376.13.

Olypher, A. V., & Calabrese, R. L. (2009). How does maintenance of
network activity depend on endogenous dynamics of isolated
neurons? Neural Computation, 21(6), 1665–1682.

Olypher, A. V., Cymbalyuk, G., & Calabrese, R. L. (2006). Hybrid
systems analysis of the control of burst duration by low-voltage-
activated calcium current in leech heart interneurons. Journal of
Neurophysiology, 96(6), 2857–2867.

Petersen, O. H., & Verkhratsky, A. (2007). Endoplasmic reticulum
calcium tunnels integrate signalling in polarised cells. Cell
Calcium, 42(4–5), 373–378.

Prinz, A. A., Billimoria, C. P., & Marder, E. (2003). Alternative to
hand-tuning conductance-based models: construction and analy-
sis of databases of model neurons. Journal of Neurophysiology,
90(6), 3998–4015.

Prinz, A. A., Bucher, D., & Marder, E. (2004a). Similar network
activity from disparate circuit parameters. Nature Neuroscience,
7(12), 1345–1352.

Prinz, A. A., Abbott, L. F., & Marder, E. (2004b). The dynamic clamp
comes of age. Trends in Neuroscience, 27(4), 218–224.

Prinz, A. A., Smolinski, T. G., Soto-Trevino, C., & F.Nadim (2008).
Conductance coregulations in a 2-compartment model of the
anterior burster (ab) neuron in the lobster pyloric pacemaker
kernel. Abstract Viewer/Itinerary Planner. Washington, DC:
Society for Neuroscience Abstracts online. Program No. 376.9.

Rinzel, J., & Ermentrout, G. (1998). Analysis of neural excitability
and oscillations. In C. Koch & I. Segev (Eds.), Methods in
Neuronal Modeling: From Ions to Networks (pp. 251–291).
Cambridge: MIT.

Schulz, D. J., Goaillard, J. M., & Marder, E. E. (2007). Quantitative
expression profiling of identified neurons reveals cell-specific
constraints on highly variable levels of gene expression.
Proceedings of the National Academy of Sciences of the United
States of America, 104(32), 13187–13191.

Sorensen, M., DeWeerth, S., Cymbalyuk, G., & Calabrese, R. L.
(2004). Using a hybrid neural system to reveal regulation of
neuronal network activity by an intrinsic current. Journal of
Neuroscience, 24(23), 5427–5438.

Stellwagen, D., & Malenka, R. C. (2006). Synaptic scaling mediated
by glial tnf-alpha. Nature, 440(7087), 1054–1059.

Taylor, A. L., Hickey, T. J., Prinz, A. A., & Marder, E. (2006).
Structure and visualization of high-dimensional conductance
spaces. Journal of Neurophysiology, 96(2), 891–905.

Thoby-Brisson, M., & Simmers, J. (2002). Long-term neuromodula-
tory regulation of a motor pattern-generating network: Mainte-
nance of synaptic efficacy and oscillatory properties. Journal of
Neurophysiology, 88(6), 2942–2953.

Turrigiano, G. G. (1999). Homeostatic plasticity in neuronal networks:
the more things change, the more they stay the same. Trends in
Neuroscience, 22(5), 221–227.

Turrigiano, G. G., & Nelson, S. B. (2004). Homeostatic plasticity in
the developing nervous system. Nature Reviews Neuroscience, 5
(2), 97–107.

Ullah, G., Cressman, J. R., Jr., Barreto, E., & Schiff, S. J. (2009). The
influence of sodium and potassium dynamics on excitability,
seizures, and the stability of persistent states. II. Network and glial
dynamics. Journal of Computational Neuroscience, 26(2), 171–183.

Zhang, Y., & Golowasch, J. (2007). Modeling recovery of rhythmic
activity: hypothesis for the role of a calcium pump. Neuro-
computing, 70(10–12), 1657–1662.

Zhang, Y., Khorkova, O., Rodriguez, R., & Golowasch, J. (2008).
Activity and neuromodulatory input contribute to the recovery of
rhythmic output after decentralization in a central pattern
generator. Journal of Neurophysiology, 101(1), 372–386.

374 J Comput Neurosci (2010) 28:361–374


	Geometry and dynamics of activity-dependent homeostatic regulation in neurons
	Abstract
	Introduction
	Results
	A problem of homeostatic regulation in the Morris-Lecar model
	Geometric solution to the problem of homeostatic regulation in the Morris-Lecar model
	Details of transitions to the target regime during slow regulation are determined by specific bifurcations in the fast subsystem
	“Bouting” in the Morris-Lecar model with homeostatic regulation of ionic conductances

	Discussion
	Geometry arising from a limited number of control mechanisms: low-dimensional manifolds linking the initial and target values of regulated parameters
	Dynamics of homeostatic regulation: slow and fast subsystems
	Potential homeostatic regulation mechanisms in living neurons

	Methods
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


